Introduction {#Sec1}
============

Classifying the different possible phases of quantum field theories has been a long-standing goal of high-energy theoretical physics, and understanding and constraining the symmetries that arise in particular realizations is a key tool in this effort. In some cases, such as in two dimensions, there has been a significant amount of progress in this direction, e.g. the known restriction of unitary conformal field theories (CFTs) with $\documentclass[12pt]{minimal}
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                \begin{document}$$c<1$$\end{document}$ to the minimal models, where the chiral algebra essentially fixes the theories. In four dimensions, however, significantly less is known, even in the case of CFTs.

It has long been known that it is possible to engineer four-dimensional CFTs, which do not obviously have any free-field limit. An early class of examples are the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{N}=2$$\end{document}$ SCFTs found by Minahan and Nemeschansky \[[@CR1], [@CR2]\]. These theories have $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {E}}_{6,7,8}$$\end{document}$ global symmetries and can be studied via the Seiberg and Witten \[[@CR3], [@CR4]\] curve and the powerful techniques available in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{N}=2$$\end{document}$ theories. Although much is known about these theories, including the dimensions of various operators, 't Hooft anomalies, and even some chiral ring relations \[[@CR5]\], there is no known way of directly constructing the theories via an asymptotically free UV theory.[1](#Fn1){ref-type="fn"} It is worth noting though that recently \[[@CR9]\] constructed an $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{N}=1$$\end{document}$ theory that in certain limits is enhanced to $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{N}=2$$\end{document}$ realizes an un-gauged Minahan--Nemeschansky $\documentclass[12pt]{minimal}
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                \begin{document}$$E_6$$\end{document}$ theory. Shortly after the discovery of Argyres--Seiberg duality, it was realized \[[@CR10]\] that the Minahan--Nemeschansky CFTs are in fact special cases of a much broader class of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{N}=2$$\end{document}$ theories that come from wrapping M5-branes on a three-punctured sphere. The $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {E}}_6$$\end{document}$ theory is a special case of Gaiotto's \[[@CR10]\] $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_N$$\end{document}$ theories, and $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {E}}_{7,8}$$\end{document}$ are special cases that emerge when allowing more general punctures on the sphere \[[@CR11]--[@CR13]\]. For all but a few very special cases, which are free theories, these theories do not have known UV Lagrangian descriptions. Needless to say, such a description could be of great use---for instance, one could apply powerful localization techniques to constrain and perhaps fix the chiral ring structure of a given theory. This leads to a natural question: are there theories for which we can rule out the existence of a useful Lagrangian formulation?[2](#Fn2){ref-type="fn"}

Despite the lack of a Lagrangian description, it is still possible to do detailed calculations in these theories. This is because for many quantities of interest, knowing information about the global symmetries such as the leading behaviour of current two- and three-point OPEs is sufficient, and global symmetry currents are among the limited set of operators to which we have reliable access. Although useful in general, global symmetry information has proved particularly important for studying $\documentclass[12pt]{minimal}
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                \begin{document}$$T_N$$\end{document}$ theories, as in \[[@CR14]\] and subsequent work. This brings up the general question of what sorts of constraints follow from the global symmetries of these theories.

In this work, we make the observation that these two questions, i.e. the constraints on possible symmetries and existence of a Lagrangian, have an interesting relation in the context of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{N}=2$$\end{document}$ gauge theories. We will show that some (non-R) global symmetries, such as the $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {SU}}(N)^3$$\end{document}$ global symmetry possessed by Gaiotto's $\documentclass[12pt]{minimal}
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                \begin{document}$$T_N$$\end{document}$ theories, are not straightforwardly realized by asymptotically free $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{N}=2$$\end{document}$ theories. The essence of our argument is that such $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {SU}}(N)$$\end{document}$ symmetries are always accompanied by an additional $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {U}}(1)$$\end{document}$, which enhances the symmetry to $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {U}}(N)$$\end{document}$. Although we will not be able to completely rule out the possibility that the $\documentclass[12pt]{minimal}
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                \begin{document}$$T_N$$\end{document}$ theory has a UV Lagrangian description, we will be able to place constraints on any gauge theory realization. We will discuss these constraints and their limitations further in Sect. [4](#Sec7){ref-type="sec"}.

The main result of our paper is a proof that the global symmetries of certain $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{N}=2$$\end{document}$ gauge theories fall into a straightforward classification depending on the matter representation. Our starting point will be a theory of *n* free hypermultiplets, which has a non-R global symmetry group $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathfrak {sp}(n)$$\end{document}$, the remaining global symmetry algebra is a direct sum of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak u}(1)$$\end{document}$'s do not appear. This classification is certainly known to some experts (see, for example, \[[@CR7], [@CR15]\]), but we are not aware of a general proof in the literature. Our aim is to provide such a proof and explore some of the consequences.

Symmetries of free fields {#Sec2}
=========================

It is instructive to first understand the global symmetry of a theory of *n* free hypermultiplets. In $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{N}=1$$\end{document}$ superspace, a hypermultiplet consists of a chiral superfield *Q* with propagating component fields $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{N}=2$$\end{document}$ supersymmetry implies there is a $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {U}}(1)_{\text {R}} \times {\text {SU}}(2)_{\text {R}}$$\end{document}$ R-symmetry, under which $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {SU}}(2)_{\text {R}}$$\end{document}$, while the fermions are neutral. We parametrize the $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} T_{R} : \begin{pmatrix} q \\ \tilde{q}\end{pmatrix} \mapsto \begin{pmatrix} a q + b \tilde{q}^\dag \\ -b q^\dag + a \tilde{q}\end{pmatrix},\quad |a|^2 + |b|^2 = 1. \end{aligned} \end{aligned}$$\end{document}$$In what follows we split the 2*n* chiral multiplets into a column vector *Q* and a row vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal{L}= \int d^4\theta ~ \mathbf{Q}^\dag \mathbf{Q},\quad \mathbf{Q}\equiv \begin{pmatrix} Q \\ \widetilde{Q}^{t} \end{pmatrix}. \end{aligned}$$\end{document}$$We want to identify global symmetries that commute with both $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {SU}}(2)_{\text {R}}$$\end{document}$. The first requirement means that these global symmetries must act linearly on the superfields $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{M}\in {\text {U}}(2n)\cap {\text {Sp}}(2n,{\mathbb C}) \equiv {\text {Sp}}(n)$$\end{document}$, the compact unitary symplectic group.[3](#Fn3){ref-type="fn"} We have uncovered the global symmetry group of *n* free hypermultiplets: $\documentclass[12pt]{minimal}
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Representation theory {#Sec3}
=====================

In this section, we will characterize the global symmetry algebra of a weakly coupled Lagrangian $\documentclass[12pt]{minimal}
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Theorem 1 {#FPar1}
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Schur's lemma assures that these are mutually exclusive possibilities, and there is an equivalent characterization of the possibilities in terms of bilinear invariants of $\documentclass[12pt]{minimal}
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Having reviewed some basic terminology, we end this section with two results on the branching of pseudoreal representations.
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### Lemma 3 {#FPar7}
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Global symmetries {#Sec6}
-----------------
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Discussion {#Sec7}
==========

Having found that gauging a subalgebra of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {sp}(n)$$\end{document}$ does not yield $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {su}(m)$$\end{document}$ factors without accompanying $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak u}(1)$$\end{document}$'s, we now turn to the question of whether it is possible to get such factors in some other way. In particular, we consider two possibilities: gauging discrete subgroups and moving out on the Higgs branch. We will find that discrete gaugings do not yield $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {su}(m)$$\end{document}$'s, whereas special loci on the baryonic branch of SQCD do. Of course, we also cannot rule out the possibilities of emergent (accidental) symmetries yielding $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {su}(m)$$\end{document}$ factors, and we will have nothing further to say about this possibility here.

Discrete gauge symmetries {#Sec8}
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Higgs branch {#Sec9}
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General discussion and conclusions {#Sec10}
----------------------------------
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We now conclude with a few brief comments. Although it is too strong to say that we have proven that $\documentclass[12pt]{minimal}
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Of course a Lagrangian realization for $\documentclass[12pt]{minimal}
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However, even aside from possible applications to strongly coupled theories, our main result indicates just how strongly constrained the global symmetries of $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{N}=1$$\end{document}$ theories as well, though there we expect important new complications from possible superpotential interactions.

It is worth noting that these theories, albeit with certain global symmetries gauged, can be realized via Argyres and Seiberg \[[@CR6]\] duality and generalizations \[[@CR7]\]. However, much like in the case of Argyres and Douglas \[[@CR8]\] theories, there is not a straightforward mapping between the weakly coupled degrees of freedom and those of the un-gauged $\documentclass[12pt]{minimal}
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By utility we mean that the connection between UV and IR physics is relatively simple, ideally without the complications of a strong coupling limit or accidental symmetries.
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As discussed in \[[@CR4]\], at the level of groups this action is not completely disjoint from that of the Lorentz group, but that will not affect our analysis at the level of the algebra.
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